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Introduction 
Linearly compact vector spaces have been introduced by Lefschetz [ll]. He 
showed that they behave very much like compact spaces. Moreover, he established a 
duality between linearly compact and discrete vector spaces, similar to Pontrjagin’s 
duality. It was Zelinsky [19] who extended linear compactness to topological 
modules over a general ring and showed that most of the fundamental properties 
carry over. Later on, Jensen proved the remarkable fact that, for any ring R, the limit 
functor is exact on the category of inverse systems of linearly compact R-modules [9]. 
Our present aim is to study linear compactness for certain classes of non-abelian 
groups. In particular we are interested in the following two cases: 
(1) The class of topological groups with a nuclear base consisting of normal 
subgroups. 
(2) The class of R-nilpotent topological groups with a nuclear base consisting of 
R-nilpotent normal subgroups, where R is a subring of Q. 
(Recall that a nuclear base of a topological group G is a base for the neighbour- 
hoods of 1 E G.) Here the main task is to give an appropriate frame in which linear 
compactness can be defined such that the standard results for linearly compact 
modules are still valid. This is done in the first section by introducing the notion of a 
Cr-group with a O-topology, where Cs is any class of groups which contains the trivial 
group and is closed under isomorphisms, inverse limits and images. In case (1) Q is 
the class of all groups, whereas for (2) we have to consider the class of HR-local 
groups (in the sense of Bousfield [5]), which contains the class of R-nilpotent groups. 
For a fixed class 0 satisfying the above conditions we define in Section 2 linearly 
compact O-groups and verify that the expected properties hold. In particular a 
topological product of linearly compact Q-groups is a linearly compact Q-group 
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(Theorem 2.4), and the limit of a diagram of linerly compact E-groups and continu- 
ous homomorphisms is likewise a linearly compact E-group (Corollary 2.7). 
Moreover, an artinian E-group (i.e. a E-group satisfying the descending chain 
condition on Ci-subgroups) is linearly compact in the discrete topology (Proposition 
2.9). 
In Section 3 we show that Jensen’s result also remains valid in our context. More 
precisely, we establish 
Theorem 3.1. If {G,, fap} is an inverse system of linearly compact G-groups and 
continuous homomorphisms, then lim’ G, = *. - 
As an immediate consequence we have lim’ G, - = * for every inverse system {G,} 
of artinian O-groups (Corollary 3.4). 
The fourth section is devoted to the characterization of linearly compact ($-groups 
in the cases (1) and (2). First let 6 be the class of all groups. Then a group is linearly 
compact if and only if it is an inverse limit of artinian groups (Theorem 4.4). For 
abelian groups this may be found in [7]. In case 6 is the class of HR-local groups we 
cannot prove the corresponding result. But we can show that this characterization is 
valid for linearly compact R-nilpotent groups, R being a subring of Q (Theorem 
4.11). The proof of this is based on the fact that an R-nilpotent group is linearly 
compact if and only if each factor of its upper central series is a linearly compact 
R-module (Theorem 4.7). 
Section 5 consists of results on the structure of linearly compact R-nilpotent 
groups, where R is now a proper subring of Q. It turns out that an R-nilpotent group 
G is linearly compact if and only if its center 2 is linearly compact and G/Z is 
compact (Theorem 5.2). This generalizes a result of Baer [l], whereas the following 
contains Theorem 4 of [7]. 
Theorem 5.5. Every linearly compact R-nilpotent group G admits a unique topo- 
logical decomposition G = flPS, G, where, for every p cz J, G, is a central extension of a 
p-profinite nilpotent group by a linearly compact &,-module. (Hereby J denotes the set 
of invertible primes in R, and 2, is the ring of p-adic integers.) 
In the final section we give various examples of linearly compact groups. In 
particular the HQ-localization E’G of a group G of finite rank is an artinian 
Q-nilpotent group (Proposition 6.1) and thus linearly compact. It follows from 3.4 
that &’ EQG, = * for any inverse system {G,} of groups of finite rank (Theorem 
6.3). As an application we obtain a result in homotopy theory: Let X be a nilpotent 
space of finite type such that its rationalization X (Oj is an associative H-space. Then 
the group [W, X,,,] of homotopy classes of maps of an arbitrary pointed connected 
CW-complex W into X,,, is linearly compact HQ-local (Proposition 6.4). 
We wish to thank Guido Mislin for helpful discussions. 
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1. Q-groups with Ci-topologies 
Throughout this paper we shall consider classes 6 of groups which satisfy the 
following four conditions: 
(1.1) 0 contains the trivial group. 
(1.2) Q is closed under isomorphisms. 
(1.3) Q is closed under inverse IimitS (over arbitrary small index categories). 
(1.4) If f: G + H is a homomorphism of groups G, H E 6, then f(G) E 6. 
Examples. (1) The class of all groups clearly satisfies (1 . l)-( 1.4). 
(2) Given R a subring of Q or a finite cyclic ring, the class of all HR-local groups 
satisfies (l.l)-( 1.4). We recall the definition (cf. [5]): A homomorphism f : H --, K of 
groups is said to be an HR-map if f *:Hi(H;R)+H,(K;R)isisofori=landonto 
for i = 2. A group G is called HR-local if, for every HR-map f: H + K and for every 
homomorphism h : H + G, there is a unique homomorphism k : K + G making the 
diagram 
f 
H-K 
I1 
\/ 
k 
G 
commute. 
Conditions (l.l)-(1.3) follow immediately from the definition, whereas (1.4) is 
Corollary 2.12 of [5]. 
(3) Let R be a solid ring, i.e. a ring R for which the multiplication map 
R&R + R is an isomorphism (cf. [3]). Then the class of all R-modules can be 
viewed as a class of abeiian groups, satisfying (l.l)-( 1.4). For (1.3) and (1.4) we use 
that every Z-homomorphism of R-modules is an R-homomorphism. 
The following lemma is elementary but important for the topologies to be defined 
below. 
Lemma 1.1. Let Q be a class of groups satisfying (l.l)-(1.4). Let G, H E 6, H a 
subgroup of G, and suppose that Uis a normal subgroup of Gsuch that G/U E a. Then 
(a) HUE& 
(b) H/HnUe6. 
Proof. Applying (1.4) to the composition homomorphism H C+ G + G/U, we obtain 
HU/U E 0. Thus HU is a pullback of groups in 6, hence (1.3) implies (a). Since we 
have H/H n U = HU/U, assertion (b) is deduced by (1.2). 
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In the sequel 0 denotes always a class of groups satisfying (l.l)-(1.4). A group 
belonging to 6 will be called a e-group; if a subgroup H of a C-group G is itself a 
Q-group, H will be called a Cs-subgroup of G. Let now G be a Hausdorff topological 
Q-group with a nuclear base %3 consisting of normal subgroups such that 
(1.5) G/U is a Q-group for all UE’~. 
We call such a topology a Cs-fopology on G defined by the nuclear base 8. Note 
that by (1.3) the elements of QJ are CS-subgroups of G. If 6 is the class of all groups, 
condition (1 S) is vacuous. In this case such a topology on a group is just a subgroup 
topology (cf. [8]). For any class 0 the discrete topology on a E-group is clearly a 
a-topology. Non-trivial examples of O-groups with O-topologies are implicit in what 
follows (see in particular Section 6). 
We conclude this section by listing some basic properties of E-groups with 
O-topologies. 
Proposition 1.2. Let G be a C-group with a Q-topology, and let Hbe at O-subgroup of 
G. Then the induced topology on His a E-topology. 
Proof. Let the Cs-topology on G be defined by the nuclear base 8. Then a’= 
{H A U 1 U E 23) is a nuclear base for the induced topology on H, consisting of normal 
subgroups. By Lemma 1.1 (b), 59’ satisfies (1.5); hence the induced topology is a 
Q-topology. 
Proposition 1.3. Let G be a C-group with a O-topology, and let Hbe a O-subgroup of 
G. Then the closure I? of H is a O-subgroup of G, and its induced topology is a 
Q -topology. 
Proof. In view of 1.2 it suffices to show the first assertion. Recall that fl can be 
written as A=nUce UH. Thus Lemma 1.1(b) and (1.3) imply that A is a 
Q-group. 
Proposition 1.4. Let {G,} be a family of O-groups with Q-topologies. Then G = I_I G, 
is a Q-group, and the product topology is a &-topology. 
Proof. By (1.3) products of Q-groups are O-groups. Thus G = n G, is a Q-group, 
and the product topology has a nuclear base consisting of normal subgroups which 
satisfy (1.5). 
Corollary 1.5. Let G be a diagram of Q-groups with O-topologies and continuous 
homomorphisms. Then G = lim G is a O-group, and the limit topology is a Cs-topology. - 
Proof. By (1.3) G is a G-group. As it is a subgroup of a direct product of O-groups, 
and the limit topology is induced by the product topology, the second assertion 
follows from Propositions 1.2 and 1.4. 
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2. Linearly compact C-groups 
Let Q be a fixed class of groups which satisfies (l.l)-(1.4). We say that a G-group G 
with a Q-topology is linearly compact if every family of (left) cosets modulo closed 
C’-subgroups of G with the finite intersection property has non-empty intersection. 
Using Proposition 1.3, we can easily translate this definition into the language of 
filters: A C-group G with a Cr-topology is linearly compact if and only if every filter 
on G with a base of cosets modulo O-subgroups has an adherent point in G. 
Most of the fundamental properties of linearly compact vector spaces or modules 
carry over to linearly compact Q-groups. We shall state them without proof if there is 
no significant difference from the proof in the vector space or module case (cf. the 
cited references). 
Proposition 2.1. Zf G is a linearly compact C-group, Ha closed Q-subgroup of G, then 
His linearly compact [ll, p. 78, (27.3)]. 
Proposition 2.2. A linettrly compact O-group is complete. A linearly compact Q- 
subgroup of a a-group with a Q-topology is therefore closed [lo, Section 10.9(6)]. 
Proposition 2.3. Let G and H be C-groups with Q-topologies, G linearly compact. Zf 
f: G-, H i? a continuous homomorphism, then f(G) is linearly compact [ll, p. 78, 
(27.4)]. Thus the image of a closed Q-subgroup of G is a closed O-subgroup of H (by 
2.1 and 2.2). 
The conditions we have imposed on Cr enable us, in particular, to prove an 
analogue of Tychonoff’s theorem. This result will be crucial for the further 
development of the theory. 
Theorem 2.4. The topological product of an arbitrary family of linearly compact 
Q-groups is again a linearly compact C-group. 
To prove this theorem we can proceed as Kiithe does in the vector space case [lo, 
Section 10.91. We thus need two lemmas which are proved in a similar way as the 
corresponding statements in [lo]. 
Lemma 2.5. Every f3ter on a Q-group G with a base consisting of cosets module 
O-subgroups can be refined to a maximal such filter. 
Lemma 2.6. Let f: G --, H be a homomorphism of G-groups. Zf 9 is a filter on G 
maximal among those with a base of cosets module 6-subgroups, then the image filter 
f(9) is again maximal among those with a base of cosets module e-subgroups. 
Now Theorem 2.4 follows from Lemmas 2.5 and 2.6 as in the vector space case. 
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Corollary 2.7. Let G be a diagram of linearly compact C-groups and continuous 
homomorphisms. Then lim G is a linearly compact O-group. - 
Proof. We deduce this from Corollary 1.5, Theorem 2.4 and Proposition 2.1, using 
the fact that lim G is a closed subgroup of a direct product of linearly compact c 
Q-groups. 
Proposition 2.8. If a O-group is compact in a O-topology, then it is linearly compact 
(obvious). 
Proposition 2.9. Let G be a O-group with a Ci-topology. If G satisfies the descending 
chain condition on closed O-subgroups, then G is linearly compact and discrete. Thus 
the only 6-topology that an artinian a-group can carry is the discrete topology [12, 
3.101. 
The last result of this section is important for the study of linearly compact 
R-nilpotent groups (see Section 4). 
Proposition 2.10. Let G be a E-group with a O-topology, and let Nbe a closed normal 
O-subgroup of G such that GINis a Q-group and the quotient topology is a ci-topology. 
Then G is linearly compact if and only if N and G/N are linearly compact. 
Proof. If G is linearly compact, then N and G/N are linearly compact by Pro- 
positions 2.1 and 2.3, respectively. To establish the converse we essentially follow 
the proof of the corresponding statement in [19]. 
Suppose that N and G/N are linearly compact. Let the Q-topology on G be 
defined by the nuclear base ‘21, and let 5 be any filter on G with a base $8 of cosets 
modulo a-subgroups. As G/N is linearly compact, there is an x E G such that 
xUN n FN # 0 for every U E 2l and F E 9. This implies that, for any fixed B E 8, the 
family {N n x-‘BUI U E ‘II} is a base of a filter .5rB on N and consists by Lemma 1 .l 
and (1.3) of cosets modulo Q-subgroups. Thus, by hypothesis, gB has an adherent 
point. Since BU is open and hence closed for every U E ‘u, this means that N meets 
the closure of x-‘B for every B E ‘23. It follows that {N n x-‘B 1 B E B} is a base of a 
filter 9 on N and consists by Proposition 1.3 of cosets modulo closed Q-subgroups. 
Using linear compactness of N again, we conclude that 5 has an adherent point, 
say y. Therefore, we have xy E F for every FE 9, since N n x-‘F E 5 Hence G is 
linearly compact. 
3. lim’ for inverse systems of linearly compact G-groups - 
In this section we prove that Jensen’s result on the vanishing of b’ [9, Theo&me 
7. l] is also valid in our context. First we recall the definition of b’ in the sense of [6] 
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for diagrams of possibly non-abelian groups. Hereby we adopt the notation from 
[15, section 21. 
Given any small category Z, we denote by NOZ the set of objects of Z, and by N,,Z, 
n 2 1, the set of composable n-tuples @ = (cpl, . . . , cp,,) of morphisms of Z(compos- 
able means cp I * - . tpn is defined). For p a morphism we write S, and T, for its source 
and target, and for Cp a composable n-tuple, T@ means T,,. Let Gp denote the 
category of groups. Then for any diagram G :I-* Gp one can define a “cochain 
complex” 
l+ C’G$C’G”‘C’G, 
where 
COG= fl G(Q), 
u E N”1 
C”G= n G(T@) forn=1,2, 
@EN,1 
and the “coboundaries” So, S’ are given by 
(S’C), = CTJG(CO)C& 
(S’C)M, = (G(cp)c&,:c,. 
Indeed we have S’S’= 0; however these maps are not homomorphisms in general. ’ 
Definition (cf. [6, Chapter XI, Section 61). The pointed set lim’ G is the orbit set of - 
ZIG = {z E C’G 1S’r = 1) 
under the group action COG x Z’G + Z’G given by 
(c .z), = CT&G(V)CSJ~. 
We remark that z E C’G belongs to Z’G if and only if it satisfies 
(*) (G (cp)+z+)z,$z, = 1 for every pair (cp, ti,) E N2Z. 
Furthermore, note that the inverse limit of G agrees with the group of 0-cocycles 
l&~=Z”G={c~CoG~Soz=l}. 
In the sequel an inverse system means always a diagram whose domain is a directed 
set. As usual, we shall denote an inverse system of groups by {G,} or {G,,f,,}; 
however, for the proof of our vanishing result the above diagram notation is more 
appropriate. 
Theorem 3.1. Let Q be u class of groups satisfying (l.l)-(1.4). Zf G is an 
inverse system of linearly compact G-groups and continuous homomorphisms, then 
lim’ G = *. - 
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Proof. We have to show that COG acts transitively on Z’C or, equivalently, that 
So: COG + Z’G is surjective. Let z E ZIG be arbitrary. Then we assign to every 
q E N,I a set 
A, = {c E COG 1 (SC), = zB}, 
I denoting the index category. Notice that the element c” E COG, given by 
c”, = 
Z, if (Y = TV, 
1 otherwise. 
belongs to A,. Thus, for every cp E N,I, A, is non-empty. Furthermore, if c, d E A,, 
then we have 
I 1 (c- 4, = G(cp)(c- &,. 
Hence A, is a coset of the subgroup H, = {c E C”C 1 cTq = G((F)cs+} which by (1.3) is 
a closed Q-subgroup of C”G, the latter being endowed with the product topology. 
We claim that the family {A, 1 q E /VII} has the finite intersection property. So let 
(401,. . . , cp,} be any finite subset of NII. Then, since I is a directed set, there are 
til,..., q?, E NII such that 
s*, = * * * = sly/,, 
and 
TV?, = Sqi for 1 c i s n. 
Now let c E C”G be given by 
Z& if (Y = Sqi for some i, 
c, = :w 
1 
if (Y = Tpi for some i, 
1 otherwise. 
Clearly c is well-defined, and for every 1s i s n we obtain 
(SC),, = zo,~,(G(~i)Z+,)-’ = Z,<; 
the latter by (*). Therefore we have A,, n. * * n A,” # 8, hence our claim is proved. 
Now, by hypothesis and Theorem 2.4, C”G is a linearly compact E-group. 
Consequently, the family {A, 1~ E N1l} has a non-empty intersection. Hence 6’ is 
surjective, and the theorem is proved. 
Remark 3.2. By the same method we can prove a corresponding result for inverse 
systems of compact topological groups, generalizing Theorem 2 of [ 181. 
Corollary 3.3. Let 1 +{G,}+{H,}+{K,}+ 1 b e a short exact sequence of inverse 
systems of groups over the same index set. If { G,} consists of linearly compact 6 -groups 
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and continuous homomorphisms, then the induced sequence 
l~limG,-rlimH,-*limK,-,l - - - 
is exact (by [6, Chapter XI, Section 6.51 and Theorem 3.1). 
Corollary 3.4. If {G,} is an inverse system of artinian E-groups, then &I’ G, = *. 
4. Characterization of linearly compact E-groups 
In this section we give characterizations of linearly compact E-groups in two 
particular cases. First let Q be the class of all groups. Then we have 
Proposition 4.1. A group is linearly compact in the discrete topology if and only if it is 
artinian. 
Proof. The “if” part follows from Proposition 2.9. For the converse statement we 
can adopt G. Bergman’s proof in [2]. 
Proposition 4.2. If G is linearly compact, U an open normal subgroup of G, then G/ U 
is artinian. 
Proof. Since U is both open and closed, the quotient topology on G/U is discrete. 
Therefore, by Propositions 2.10 and 4.1, G/U is artinian. 
Proposition 4.3. Let f : G + H be a continuous homomorphism of groups with sub- 
group topologies. If G is linearly compact, then f is an open mapping. 
Proof. Let B be a nuclear base of G consisting of normal subgroups. It suffices to 
show that, for every UE 23, V = f(U) is open in f(G). As U is closed in G, 
Proposition 2.3 implies that V is closed in f(G). Thus the quotient topology on 
f(G)/ V is a subgroup topology. On the other hand, f(G)/ V is artinian, since it is an 
epimorphic image of G/U which is artinian by Proposition 4.2. But then f(G)/ V 
must be discrete by Proposition 2.9, hence V is open in f(G). 
Theorem 4.4. A group with a subgroup topology is linearly compact if and only if it is 
the topological limit of an inverse system of discrete artinian groups. 
Proof. By Proposition 2.9 and Corollary 2.7 the limit of an inverse system of discrete 
artinian groups is linearly compact. Conversely, assume that G is a linearly compact 
group. Then G is complete by Proposition 2.2. Since G has a nuclear base $8 
consisting of normal subgroups, it follows that G is the limit of the inverse system 
{G/U 1 U E 23). By Proposition 4.2, {G/U} consists of artinian groups, and its index 
set 23 is clearly directed. 
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Remark 4.5. The linearly compact modules over a solid ring R can likewise be 
characterized as inverse limits of artinian R-modules. This is easily verified using the 
fact that every solid ring is countable (see [3, Section 33) and adopting Bergman’s 
proof. 
The following example shows that for the class of HZ/p-local groups the 
statement corresponding to Proposition 4.1 (and hence Theorem 4.4) fails. 
Example 4.6. We consider Z,, the ring of p-adic integers. By [4, 7.51 the HZ/p- 
localization of any abelian group is given by the canonical map G -+ Ext(Z(p”), G), 
where Z(p”) denotes the p-torsion subgroup of Q/Z. It follows easily that Z, is 
HZ/p-local as a group, and that a subgroup of 2, is HZ/p-local if and only if it is an 
ideal. Thus, by Theorem 3 of [19], 2, is linearly compact HZ/p-local in the discrete 
topology. On the other hand, 
~,~p~p~.-.~pn~ip~... 
is a non-stationary descending chain of HZ/p-local subgroups, hence Z, is not 
artinian. 
We now turn to the case where 6 is the class of HR-local groups, R being a subring 
of Q. We have not been able to settle the question of whether the results correspond- 
ing to Propositions 4.1-4.4 hold in this context. But we can give different charac- 
terizations of linearly compact HR-local groups which are nilpotent. 
Recall that a group G is said to be R-nilpotent if it has a finite central series 
such that each quotient Gi/Gi+i admits a (unique) R-module structure. We shall 
make use of the following properties of R-nilpotent groups without any reference: 
- A group G is R-nilpotent if and only if it is nilpotent and, for every invertible 
prime in R, the map XHX~ is a bijection of G onto itself. 
- If N is a normal subgroup of an R-nilpotent group G, then N is R-nilpotent if 
and only if G/N is R-nilpotent. 
- A nilpotent group is HR-local if and only if it is R-nilpotent (by [j, Section 11). 
Note that an HR-local topology on an R-nilpotent group G is the same as a 
subgroup topology on G defined by a nuclear base consisting of R-nilpotent normal 
subgroups. In this situation we shall speak of a linear topology on G (as in the case of 
R-modules). 
Theorem 4.7. An R-nilpotent group with a linear topology is linearly compact if and 
only if each factor of its upper central series is a linearly compact R-module. 
Proof. Let G be an R-nilpotent group with a linear topology. Then the terms Zi of 
its upper central series are closed and R-nilpotent (the latter by 8.13 of [17]). Hence 
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each factor is an R-module and inherits a Hausdorff topology. It is easily seen that 
these topologies are linear. Now if G is linearly compact, then the Z,‘s are linearly 
compact by Proposition 2.1. Thus the factors are linearly compact by Proposition 
2.10. Conversely, assume that each factor is linearly compact. Then we conclude by 
repeated application of Proposition 2.10 that G is linearly compact. 
An R-nilpotent group is called artinian if it satisfies the descending chain condition 
on R-nilpotent subgroups (i.e., it is artinian as HR-local group). 
Corollary 4.8. An R-nilpotentgroup is linearly compact in the discrete topology if and 
only if it is artinian. 
Proof. The “if” part is contained in Proposition 2.9. By Remark 4.5 the converse 
statement holds for R-modules, since R is a solid ring. It carries over to R-nilpotent 
groups because of Theorem 4.7 and the fact that a central extension of artinian 
R-nilpotent groups is artinian. 
The next three results can be deduced in exactly the same way as the corresponding 
statements 4.2-4.4. 
Corollary 4.9. If G is linearly compact R-nilpotent, U an open R-nilpotent normal 
subgroup, then G/U is artinian R-nilpotent. 
Corollary 4.10. If G is linearly compact R-nilpotent, then every continuous 
homomorphism into an R-nilpotent group with a linear topology is an open mapping. 
Theorem 4.11. An R-nilpotent group with a linear topology is linearly compnct if and 
only if it is the topological limit of an inverse system of discrete artinian R-nilpotent 
groups. 
Remark 4.12. The question of whether every linearly compact discrete HR-local 
group is artinian remains open. Note that an artinian HR-local group is necessarily 
nilpotent; this follows from 1.2 of [S]. Therefore, an affirmative answer to the above 
question would imply that every linearly compact HR-local group is an inverse limit 
of artinian R-nilpotent groups. 
5. The structure of linearly compact R-nilpotent groups 
We now study the structure of linearly compact R-nilpotent groups in case R is a 
proper subring of Q. Note that, for such a ring, an artinian R-nilpotent group also 
satisfies the descending chain condition on all subgroups, since artinian R-modules 
are also artinian as abelian groups. Using Theorems 4.11 and 4.4, we conclude that a 
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linearly compact R-nilpotent group is likewise linearly compact relative to the class 
of all groups. 
The first result of this section can be viewed as a generalization of the well-known 
decomposition theorem for finite nilpotent groups. By J we denote the set of 
invertible primes in R, and Z(,, is the localization of Z with respect to the 
prime p. 
Proposition 5.1. Every linearly compact R-nilpotent group G admits a unique 
topological decompostion G = nPp, G, where, for every pe J, GP is linearly compact 
Zt,j-nilpotent. 
Proof. Let G be linearly compact R-nilpotent. Then, by Theorem 4.11, G is the 
limit of an inverse system {G,} of artinian R-nilpotent groups. Since artinian groups 
are torsion, we have for every (Y, G, =@,t,(G,) by [17,4.3] (where t,(N) denotes 
the p-torsion subgroup of the nilpotent group N). As the G,‘s are R-nilpotent, tPGa 
is trivial for every p E J and a. Moreover, for a fixed (Y, the number of primes p for 
which tpGo f 1 is finite. Consequently, every G, can be written as G, = l&E, t,(G,). 
Since every homomorphism maps p-torsion elements onto p-torsion elements, it 
follows that 
G =li+ pl$rp(G.)- n &J tp(Ga), 
PGJ a 
where the isomorphism is topological. Furthermore, t,(G,) is artinian Z(,,- 
nilpotent. Thus Gp =ti, t, (G,) is linearly compact HZ(,)-local and nilpotent, 
hence linearly compact Z(,,-nilpotent. 
It remains to prove that the product decomposition is (essentially) unique. 
Suppose that l&G, and n, H,, are two such decompositions, and let Q : n,G, + nap 
be a topological isomorphism. Evidently, it suffices to show that for each p f 4 the 
induced homomorphism ~0, : G, + H, is trivial. Let V be any Z,,,-nilpotent open 
normal subgroup of H,. Since (ppq is continuous, there is a Zc,,-nilpotent open normal 
subgroup U of Gp such that p,(U) E V. By Corollary 4.9, G,/U is artinian 
Z(,,-nilpotent, hence a p-group. The same argument shows that H,/ V is a q-group. 
Therefore the induced homomorphism G,/ U + H,/ V is trivial, so the composition 
map 
is trivial. Since this is true for every Z(,,- nilpotent open subgroup V of Hqr (ppq itself 
must be trivial. This completes the proof of Proposition 5.1. 
We next generalize a result of Baer [l], stating that a nilpotent group G is artinian 
if and only if its center 2 is artinian and G/Z is finite. 
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Theorem 5.2. An R-nilpotent group G with a linear topology is linearly compact if and 
only if its center Z is a linearly compact R-module and G/Z is compact. 
Proof. The “if” part is a consequence of Propositions 2.8 and 2.10. Conversely, we 
know from Theorem 4.7 that the center Z of a linearly compact R-nilpotent group G 
is a linearly compact R-module. Thus it remains to show that G/Z is compact. 
Let 93 be a nuclear base of G consisting of R-nilpotent normal subgroups. Given 
U E %, we denote (in this proof only) the factor group G/U by G” and the center of 
Gv by ZU. We consider the following commutative diagram with exact rows: 
l-Z-G-G/Z-l 
Hereby the bottom row is induced by the exact sequence of inverse systems 
and the vertical maps are the obvious ones. 
By hypothesis and Proposition 2.2, n is a (topological) isomorphism. Since L maps 
lim ZU into the center of lim GU, it follows that cp is likewise isomorphic. Therefore rL - - 
is injective. As the maps G/Z + GU/ZU are continuous, GU/Zu being discrete, it 
follows that r// is continuous for the limit topology on G = lim GLJ/ZLJ. Moreover, 
since G/Z is linearly compact, $ is open by Corollary 4.%Thus 1/1 maps G/Z 
injectively and topologically onto its image which is closed in G by Proposition 2.2. 
Now the factors Gv/Zu are finite by Baer’s result. It follows that G is compact, 
hence G/Z is compact. This completes the proof of Theorem 5.2. 
Note that $ is indeed a topological isomorphism. To prove this we apply Corollary 
3.4 to the system {Z,} which consists of artinian groups. 
From the above theorem we deduce in particular the following “local” result. 
Corollary 5.3. If G is linearly compact Zcp) -nilpotent, then its center Z is a linearly 
compact p-adic module and G/Z is p-profinite. 
Proof. By Theorem 5.2 and Remark 4.5 the center Z of G is an inverse limit of 
artinian Z(,,-modules. Since every artinian Zcp)- modules is likewise an artinian 
i,-module, Proposition 5 of [19] implies that Z is a linearly compact &-module. 
We further deduce from Theorem 5.2 that G/Z is an inverse limit of finite 
Z,,,-nilpotent groups. Hence G/Z is p-profinite. 
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Remark 5.4. The structure of linearly compact p-adic modules is known explicitly. 
Fuchs showed in [7] that a p-adic module admits a linearly compact topology if and 
only if it is of the form 
ii l-I Zlp”OrI ZCP”)OrI &m-I bp, 
n=l Cl” so Llm w 
where pnr po, ,L,L~, p are arbitrary cardinals. By Q, we denote the quotient field of 2,. 
The “global” result concluding this section is just a combination of Proposition 5.1 
and Corollary 5.3. As before J denotes the set of invertible primes in R. 
Theorem 5.5. Every linearly compact R-nilpotent group G admits a unique topologi- 
cal decomposition G = n reJ GP where, for every p e J, G, is a central extension of a 
p-pro/mite nilpotent group by a linerly compact p-adic module, 
6. Examples and Applications 
In this section we give various examples of linearly compact groups. In particular 
the HR-localization of a group (see [4] and [5]) for R = Z/p or Q is linearly compact 
under suitable conditions. 
(1) Every profinite group is compact in the inverse limit topology and thus linearly 
compact. In particular the p-profinite completion of a group is linearly compact. 
Let G be a polycyclic-by-finite group, i.e. a group containing a polycyclic normal 
subgroup of finite index. We recall [5, Theorem 4.91 that, for R = Z/p, the HR- 
localization ERG of G is equivalent to the R-completion G -, G,^ in the sense of 
[6, Chapter IV, Section 21. The Z/p-completion of a group G in turn is topologically 
equivalent o eh p-profinite completion G + Giif Hi(G, Z/p) is finite [S, 12.21. This 
condition is obviously satisfied for polycyclic-by-finite groups. We conclude that the 
HZ/p-localization of a polycyclic-by-finite group admits a linearly compact 
topology. 
(2) The rationalization of a finitely generated nilpotent group is an artinian 
Q-nilpotent group (by [16, proof of Lemma 2.71). More generally for groups of finite 
rank, i.e. poly-(infinite cyclic or periodic) groups, we have 
Proposition 6.1. Let Gdenote a groupoffinite rank. Then its HQ-localization EQG is 
an artinian Q-nilpotent group. Moreover EQG is isomorphic to the Q-completion Go. 
The second part of the proposition is Corollary 4.8 of [5], whereas the first part 
follows from the proof of this corollary. 
(3) As consequences of Theorem 3.1 we obtain results on the vanishing of b’ 
that are needed in [13 3, [14] and [15]. 
Proposition 6.2. Zf {Ga, f-0) is an inverse system of profinite groups and continuous 
homomorphisms, then b’ G, = *. 
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Theorem 6.3. ff {GLI} is an inverse system of groups offinite rank, then lim’ E’G, = *. - 
A special case of this theorem is proved in [15] and is essential for the proof of the 
first part of Proposition 6.4, which is Theorem 1 of [14] or Theorem 3.3 (b) of [15]. 
(4) For a pointed connected CW-complex W and a (pointed) nilpotent space X 
we consider the canonical map 
of pointed homotopy sets, where X ,Oj is the rationalization of X and { Wu} is the 
(directed) system of all finite connected subcomplexes of W. Then we have 
Proposition 6.4. Let X be a nilpotentspace of finite type. Then the map 4 is a bijection 
of pointed sets. Moreover [ W, XC,,] is a linearly compact HQ-local group if X,0, is a 
homotopy associative H-space. 
Proof. For the proof of the first part see the comment following Theorem 6.3. 
Assume in addition that X,,, is a homotopy associative H-space. Then (// becomes a 
group isomorphism. Note that XtO, is of finite type over Q; thus by the proof of 
[16, Lemma 2.71 the groups [W,, XC,,] are artinian Q-nilpotent. Therefore [W, X,,,] 
is linearly compact HQ-local. 
We remark that $ is also an isomorphism if X is an arbitrary nilpotent space with 
the property that Xc,, is an H-space [13]. 
Question. Is there a generalization of Proposition 6.4 to arbitrary nilpotent spaces? 
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